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SIMPLE PDE MODEL OF SPOT REPLICATION IN ANY
DIMENSION*

CHIUN-CHUAN CHENT AND THEODORE KOLOKOLNIKOV?

Abstract. We propose a simple PDE model which exhibits self-replication of spot solutions in
any dimension. This model is analyzed in one and higher dimensions. In the radially symmetric
case, we rigorously demonstrate that a weakened version of the conditions proposed by Nishiura
and Ueyama for self-replication are satisfied. In dimension three, two different types of replication
mechanisms are analyzed. The first type is due to radially symmetric instability, whereby a spot
bifurcates into a ring. The second type is nonradial instability, which causes a spot to deform into a
peanut-like shape and eventually split into two spots. Both types of replication are observed in our
model, depending on parameter choice. Numerical simulations are shown confirming our analytical
results.
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1. Introduction. In this paper we present a simple nonautonomous PDE which
exhibits the self-replication of a spot solution in R, N > 1. The PDE is

(1+ a|x|?) uP
Jon (14 alz|?)urtide’

(1) ur = Au—u + zeRY;  Vu(0,t) =0,

Examples of this phenomenon are shown in Figure 1. Self-replication was first ob-
served by Pearson in the Gray—Scott model [23]. Since then, many theoretical and
numerical studies have looked at self-replication in both one and two spatial dimen-
sions for the Gray—Scott model in different parameter regimes [25], [24], [21], [22], [19],
[4], 3], [14], [5]. Many other reaction-diffusion systems have been found to exhibit
self-replication behavior. These include the ferrocyanide-iodide-sulfite system [11],
the Belousov—Zhabotinsky reaction [12], [18], the Gierer—Meinhardt model [16], [10],
[15], the Bonhoffer—van-der-Pol type system [7], [8], [9], and the Brusselator [13].

In an effort to classify reaction-diffusion systems that can exhibit pulse self-
replication, Nishiura and Ueyama, motivated by the numerical study of the Gray—
Scott model, proposed a set of necessary conditions for this phenomenon to occur in
[21]. Roughly stated, these conditions are the following:

(S1) The disappearance of the ground-state solution due to a fold point (saddle-
node bifurcation) that occurs when a control parameter is increased above a
certain threshold value.
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Fic. 1. (a) Numerical simulation of (1) in one dimension with p = 2,q = 2,a = 0.08. Self-
replication is observed. (b) Numerical simulation of (1) in three dimensions, showing two different
types of self-replication. The snapshots show the cross section of the solution in the first quadrant
z,y,2z > 0. The surface corresponds to the contour u = 0.6 max(u); cross sections x =0 and y =0
are shown in a color map (online) with red corresponding to max(u) and blue to 0.6 max(u). First
row: Spot-to-spot bifurcation due to instability of a nonradial eigenfunction. The parameters are
p = 2,q = 1.3, and a = 0.5. Second row: spot-to-ring bifurcation due to radial instability. The
parameters are p = 2,q = 3,a = 0.035. The spot-to-ring bifurcation is followed by ring-to-spot
bifurcation.

(S2) The existence of a dimple eigenfunction at the fold point, which is believed to
be responsible for the initiation of the self-replication process. By definition,
a dimple eigenfunction is a radially symmetric eigenfunction ®(|x|) associated
with a zero eigenvalue at the fold point that decays as |x| — oo and that has
a positive zero (see Figure 3).

(S3) Stability of the steady state solution on one side of the fold point.

(S4) The alignment of the fold points, so that the disappearance of K ground
states, with K = 1,2,3,..., occurs at roughly the same value of the control
parameter.

These conditions are believed to be necessary (although not sufficient) for an
initiation of the self-replication event. They were first verified numerically for a certain
regime of the Gray—Scott model in [21], [6]. In a different regime, the Gray—Scott
model reduces to the so-called core problem [19], [5], [14]. After a scaling, the core
problem is

Upp + 52U, —U + UV =0; Vo + 521V, — aU?V = 0;

(2) V(0)=1; V'(0)=0=U'(0);
V,.U>0;, U—0asr— oo.

The existence of a fold point of (2) (condition (S1)) in one dimension was demonstrated

numerically in [19]. Conditions (S2) and (S3) were also numerically verified for (2)

in [14]. More recently, the following weaker version of condition (S1) was shown

analytically in [5]:

(S1*) The steady state ceases to exist if a control parameter is increased above a
certain threshold value.

There are few analytical results for (2) in two or three dimensions (but see [19] for
some partial results).
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In this paper we show analytically that the simple model (1) can exhibit self-
replication in any dimension for some parameter values of p,q as a is sufficiently
increased from zero. We analytically verify condition (S1*) under the following as-
sumptions:

—1)N
p>1and q>%if]\f:10r2,
(3)
N+2 —(N -1
1<p<Nt2andq>u2()ifN23.

Provided that these assumptions hold, conditions (S2) and (S3) also hold under an
additional hypothesis that (S1) holds. In this case, a single self-replication event is
observed numerically in (1) as the parameter a is increased past some critical value
a.. In one dimension, the bifurcation structure and the self-replication mechanism are
analogous to what has been observed for the reduced Gray—Scott model (2); however,
unlike the studies [19], [5], we are able to verify not only condition (S1*) but also
conditions (S2) and (S3) analytically, under an additional hypothesis that (S1) holds.

It appears difficult to verify condition (S1) analytically, even for this simplified
model: only the weaker condition (S1*) is rigorously shown to hold under assumptions
(3). Based on numerical evidence, we conjecture that (S1) holds under the same
assumptions.

In dimensions two and three, the self-replication conditions (S1)-(S3) lead to a
radially symmetric bifurcation, whereby a spot bifurcates into a ring that concentrates
on the surface of an N-dimensional ball. However, there is another self-replication
mechanism that can occur. Namely, a spot can become unstable with respect to
nonradial perturbations of mode 2. Numerically, this leads to what we shall call
peanut splitting, whereby a radially symmetric spot starts to acquire a peanut-like
shape, which eventually pinches off and becomes two spots. We study both types
of self-replication of (1) in three dimensions; we demonstrate that both are possible
depending on choice of parameters (see Figure 1(b)). Analytically, we show that when
N =3, p =2, and ¢ = 1, the spot will undergo peanut splitting if a is sufficiently
large, whereas no spot-to-ring bifurcation is expected for any value of a. On the other
hand, if p = 2, ¢ > 1, both radial and nonradial splitting is possible. For ¢ sufficiently
large, the radial splitting dominates as illustrated in Figure 1(b), row 2. To the best
of our knowledge, this is the first rigorous demonstration of self-replication in three
dimensions.

The summary of the paper is as follows. In section 2 we study the steady state
problem associated with (1). The main result is Theorem 2, which proves the bound-
edness of the bifurcation diagram under assumptions (3), thus verifying the condition
(S1*). In section 3.1 we study radial stability and analytically verify conditions (S2)
and (S3). This fully characterizes self-replication in one dimension and also character-
izes radial replication in dimensions >1. In section 3.2 we address nonradial instability
to complete the classification of self-replication phenomena in three dimensions. In
section 4 we discuss some generalizations, compare our model to other models with
self-replication, and provide some open problems and concluding remarks.

2. Analysis of the ground state. We start our analysis by considering the
radially symmetric positive ground state solution of (1) which satisfies

Upp + U —u+ciuf (1+ar?) =0, 4 (0)=0, u—0asr—o0o0, u>0,
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where

1
el = =
LS Jo N1 4 ard)urtidr

and cp is the surface area of a sphere in RY. Next we scale u = c}/ (=P, After
dropping the tilde, the ground state solution satisfies

N -1
T

(4)  upr+ u —u+uP (1+ar?)=0, 4'(0)=0, u—0asr— .

It is well known that the steady state problem (4) with a = 0 admits a unique
solution when p € (1, p*), where

(N+2) N >3
p*: — 9

(5) (N=2)’
oo, N <2,

is the critical exponent [2], [17]. Starting from ¢ = 0 we wish to examine how the

solution depends on a. For a fixed a, define s := u(0) and let sg := s(0) be the height

of the solution with a = 0. To show that the solution also exists with a > 0, consider

the linearized problem at a = 0, s = s¢:

Ap— ¢ +puP~lo = Ag.

The kernel of the operator ¢ — A¢ — ¢ + puP~1¢ is spanned by {u,,...u,, }; this
operator is invertible when restricted to radially symmetric functions. (See [27] for
more details.) It follows that there exists a solution to (4) whenever a is sufficiently
close to zero, with s close to sg, using a bifurcation argument similar to the one of
Crandall and Rabinowitz [1]. The detailed proof of this local existence is given in
Appendix C. We summarize the result as follows.

LEMMA 1. Suppose that p € (1,p*). For all sufficiently small a, there ezists
a CY function s(a) and a solution u(r;a) to (4) with the following properties: (i)
s(a) = u(0;a); (ii) u(r;a) > 0; (i) s(0) = so; and (iv) u(r,a) is C* in a.

We remark that a global bifurcation theory is still an open question. However,
the fact that w > 0 along the entire bifurcation curve is shown in Lemma 4 below.

The solution to (4) is not necessarily unique when a # 0: depending on parameter
values, there can be other possible solutions that are nonmonotone and whose peak
can be located far from the origin with s near zero. For example, consider (4) with
N = 3,p = 2. The bifurcation diagram s = «(0) versus a is computed numerically
in Figure 2(b) for several different values of g. When ¢ > 1, the bifurcation curve is
bounded and there is a fold point at some a = a. beyond which there are no solutions.
This fold point is precisely condition (S1). On the other hand, if ¢ < 1, then a solution
exists for all a > 0 with s — 0 as a — c0. A typical steady state profile evolution along
the bifurcation curve in one dimension is shown in Figure 2(a); note the “multibump”
solutions along the lower part of the bifurcation branch. These are studied in detail
using asymptotic methods in Appendix A.

The main goal of this section is to classify under which conditions on p, g, N the
bifurcation graph is bounded in the (a, s) plane. The following theorem provides these
conditions.

THEOREM 2. Given a > 0, let u(r) be a positive solution to (4) and let

(6) s = u(0).
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Fic. 2. Bifurcation diagram for (4) of a versus s = u(0) with p = 2 and for several different
values of q as indicated. (a) N = 1. There is a fold point for all values of q. The bifurcation graph
changes its topology at around q = 2.8 but is bounded for all q. The inserts show the profile of the
steady state u(r) for ¢ = 1.5,p = 2 and for s as indicated. (b) N = 3. Fold point is indicated by
an empty circle. Nonradial instability threshold is indicated with a filled circle. If ¢ > 2.1, then fold
point instability dominates. If ¢ < 2.1, then nonradial instability dominates. The fold point exists
if ¢ > 1; the bifurcation graph is unbounded if ¢ < 1.

Define
(Ta) g0 = N(p—1)2—2(p+1); ;e w;
(7b) . W_

The following holds:

(i) Suppose that p € (1,p*), where p* is the critical exponent given by (5) and
g > 0. Given any constant ag > 0, there exists a constant so = so(ao,p,q)
such that if 0 < a < ag, then the solution to (4) does not exist if s > sg.

(ii) Suppose that either N > 3 and q > q. or else N <2 and q > q*. There ezists

a constant ag such the positive solution to (4) does not exist if a > ao.
(i) If N >3, ¢ < ¢ < qc, and q > 0, then the positive solution to (4) exists for
all a > 0, provided that 1 < p < p*.

When (i) and (ii) simultaneously hold, the bifurcation graph in the positive (a, s)
plane is bounded. Note that ¢, < 0 iff p < p, and moreover ¢, < ¢. < ¢*. In
particular, statements (i) and (ii) hold simultaneously in dimension N > 3 provided
that ¢ > g. and p € (1,p*); they hold in dimension N =1 or 2 provided that ¢ > ¢*
and p > 1. In conclusion, the bifurcation curve is bounded whenever (3) is satisfied.
This proves the weaker version (S1*) of the key condition (S1).

Remark 1. We conjecture that the bifurcation curve exhibits a fold point when-
ever it is bounded, i.e., condition (S1) holds under conditions (3). As an example,
consider Figure 2(b), where N = 3,p = 2 < p* = 5: according to Theorem 2,
the bifurcation curve is bounded. Numerically, the fold point is observed whenever
q > 1 = q.. On the other hand the bifurcation curve is unbounded when g < 1; this is
in agreement with statement (iii) of Theorem 2. In this case, numerics indicate that
no fold point exists. (For the special case N = 3,p = 2, ¢ = 1, the nonexistence of the
fold point is rigorously proved in section 3.2.)
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Remark 2. We think that ¢* in (ii) can be replaced by ¢. and the condition N > 3
can be eliminated in (ii). However, we were unable to prove that.

Remark 3. We also conjecture that the condition p < p* is not necessary in (iii);
it is sufficient that ¢, < ¢ < ¢, for (iii) to hold.

The proof of (ii) and (iii) of Theorem 2 is an immediate consequence of the
following lemma.

LeEMMA 3. Consider the problem

N -1
(8) u”+Tu’—u+(E+rq)up=O; W(0)=0, u>0; u—0 as r— .

Suppose that 1 < p < p*, and let q4,q*, q. be as given by (7). We have the following
results:
(i) Suppose that q satisfies

(9) q>q. if N>3orq>q" if N<2.
Then there exists eg = eo(p,q, N) such that (8) has no solution for all 0 <
e <¢gg.

(ii) Suppose that N >3 and ¢ = q. and € = 0. Then (8) has no solution.
(iii) Suppose that N > 3 and q. < q < g.. Then the solution to (8) ewists for all
e > 0. Such solution is unique if € = 0.
We now give proofs of Theorem 2 and Lemma 3.
Proof of Theorem 2. We first show (i). First, suppose that ¢ # 0. Consider the
initial value problem

N -1

(10) Vo + v, —v+ (1+ar?)? =0, '(0)=0, v(0)=s.

Rescale
v=sV; r=ry,

where 7 is to be specified. Then the equation for V is

N-1
(11) Vyy+ — W — TV 4 (7P art Py VP = 0; VI(0) =0, V(0)=1.

Choosing 7 = s~ »=1/2_ we then obtain
N -1
(12) Viyy + T‘/;/ + VP — a1V 4+ ey?VP = 0; V/(O) =0, V(0) =1,

where
(13) g1 =5 P, gy =qgsTaP7/2,

Now consider the limiting problem
N -1
(14) Voyy + TVoy + VP =0; V(0)=1, V§(0)=0.

In Lemma 13 (see Appendix B) we show that for p € (1,p*), Vi becomes negative
at some y = yo. In particular, there exists y; > yo and C; > 0 such that vo(y1) <
—C7 < 0. By continuity of solutions to the initial value problem with respect to
parameters, V can be made arbitrarily close to Vy by choosing any sufficiently small
€1.€2. In particular, there exists a ¢ = £(p, ¢) > 0 such that for all €1,e2 < &, we have
[V(y1) = Vo(y1)| < C1/2 = V(y1) <0 . Now given ag > 0 and for any 0 < a < ayg,
note that 1,2 < € whenever s > sg, where sg := max(afl/(p’l), (a/ao)’w[q“”l)]).
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(The quantity (e/ao)~2/[4®=1)] is interpreted to be zero if ¢ = 0.) In this case, v has
a root and hence no solution to (4) exists when a < ag and s > s¢. This proves (i).
To prove (ii) we apply Lemma 3 after a change of variables u — a'/(1=P)y. Then
(4) becomes (8) with ¢ = 1/a. Statement (i) of Lemma 3 immediately yields the
desired result. The proof of (iii) follows from statement (iii) of Lemma 3. O
Proof of Lemma 3. We start with the nonexistence results (i) and (ii) which are
proved in Steps 1 to 4. Result (iii) is proved in Step 5.
Step 1. We first derive the following key identity:

(15) / rNTmP e — e dr > 0,
0
where
m_{Z, N > 3, _{W(q_qc)a N =3,
- 1= 2 *
L N=2, ooon@—a), N<2

In one and two dimensions, this is a consequence of Pohozhaev-type inequalities as
we now show. First, multiply (8) by 7V ~!u and integrate by parts to obtain

(16) —/ TN_lu’er—/ rN_1u2dr—|—/ N7l (e 470 uPTldr = 0.
0 0 0

Next, multiply (8) by rVu/ and integrate by parts to get

N ° N [
(17) (—1—|— —) / PNy dr + —/ rN=hy2dr
2 ) Jo 2 Jo

a N+q/OOTN_1+qu+1dT—5 N
p+1 Jy p+1

o0
/ PNyt dr = 0,
0

where the boundary terms vanish by Lemma 11 of Appendix B. Combining (16) and
(17) we obtain

N—-1 p+1 q N—-1 2
T u E— ——F——7T dr - < r u dT‘.

This proves (15) in the case N = 1,2. To obtain a sharper inequality for dimensions
N > 3, we derive another identity as follows. Differentiating (8) with respect to r we
obtain

1 N -1
(18) N (erlu”)/ R u — '+ (e + ) puP M 4 grituP = 0.

Multiplying (18) by ¥ ~lu, integrating on [0, 00, and using integration by parts we
get

oo
/ { (u'erl)/u' + (N = 1) N B — vV
0
+ (9 + &) TV puPu + qrq_lup“rN_l}dr =0.

Using (8) and rearranging we obtain
(19)

/ N p—1) (1 +¢) u”u’dr+q/ PN =2t = ( 5 ) / rN3 (u2)/ dr.
0 0 0
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Note that

o0 o0
/ NIy Py dr = SRR / pN =2t gy,
0 p+ 1 0

Thus we obtain

(20)

B 2g—(p—1(N-1) 1p+1 [ y_ /
N—-2, p+1 _ q _ _ - N-3 2
fyor { < o-vw-n )T T,

and moreover,
o0 N —3) [rN—%2dr, N >4
(21) —/ N3 (uz)/dr: ( Vo > 0.
0 u(0)?, N=3

This proves (15) for dimension N > 3.

Step 2. Given ¢ that satisfies (9), note that (15) holds with ¢; > 0. We now show
that there exists a constant C' such that u(0) > Ce~1/(P~1 for all sufficiently small
e. Let ro = (1/c1)Y/ %/ be the root of &€ — ¢;77 = 0. Then

00 0
/ rN =Pt e — ey dr = / rN=my Pt e — ey dr
0 0

oo
—/ rN =My Pt et — g]dr > 0

To

so that
T0 o0
/ rN =Pt e — ey dr > / rN =Pt ey — €] dr
0 0
r1+7r0
> / pN=my Pt (e r? — ] dr
1
for any 71 > 7. In particular, choose r; to satisfy e—c179 = —e¢, ie., 11 = (2/c1)Y/9!/4,

Then € > e —¢17% on [0,r9] and ¢17? —e > € on [ry, 71 + 7o) so that

o T1+70
/ PNty > / PNy Py,
0

T1

It follows that 7V ~=myP*1 cannot be increasing on [0, 79 + r1]. In particular, u cannot
be increasing on [0, C1'/9], where C; = (2/c1)Y/9+(1/c1)"/9. Now consider the initial
value problem

A N-1, . . o
(22) 0 =1+ U —u+aP(e+r?); u(0)=¢, 4'(0)=0.

r

We claim that there exists a constant C; such that @ is nondecreasing on the interval
[0, C1e'/9] whenever & < Coe~'/(P=1)_In fact, note that by the comparison principle,
@ < &v, where v solves vy, + 2=Lv, — v = 0, v/(0) = 0,0(0) = 1. It follows that
@ < &Cy on [0,1], where Cp = v(1) > 1 is some constant independent of ¢, p, ¢, £. Now
suppose that u is increasing on [0, r,,] and has a maximum at 7, < Chet/4. At such
a point,

1L u(rm)  Gp"

e+rl = — .
m qr—1 P - &pl
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It follows that

1/q
1—p
Tm > <CO — E) > ClEl/q

whenever
< C&l .
(C9 4 1)71 g1/(0-1)

There_flore @ is increasing on [0,C1e'/9) whenever ¢ < Coe™ %=1 where Cy =
%. It follows that u(0) > Cye~1/(P=1),
(C{+1)7=1

Step 3. We claim that there exists a number &y such that for all € < 1 and all
& > &, the solution @ to (22) crosses the z-axis. To see this, let

u=2~E&v; r= 511% s.
Then (22) becomes

N - 1 p— a(p—
(23) Vss + %vs + stoP =€~ Mty - e i v’y w(0) =1, v'(0) = 0.

Assume there is no such & as required. Then there are §x — oo and 0 < g, < 1
such that thel)solution of (23) with £ = & and € = g, is positive for s > 0. Define

a(p—

Br =€, 7 . After passing to a subsequence, we may assume that 8, — 5. We
separate the argument into two parts.

Case 1. f=o00. Let t = ﬁi/zs. Then (23) becomes

N-1 1 [ _2-
(24) v + 7( ; )Ut + A (ﬂk WP ayp & U) +0P =0
k
with v(0) =1 and v/(0) = 0. In the limit k¥ — oo, (24) becomes
N-1
(25) Ve + %Uf +vP=0; v(0)=1, v'(0)=0.

Now by Lemma 13 in Appendix B, the solution to (25) crosses zero, provided that
p < p*. By continuity, it follows that the solution v to (24) also crosses zero when k
is sufficiently large, which is a contradiction.

Case 2. § < oo. In this case, the solution to (23) converges to the solution to

N -1
(26) vs + %vs +s%P 4+ BoP = 0; v(0) =1, v'(0) = 0.

By Lemma 13 in Appendix B, the solution to (26) crosses zero, provided p* > p > 1
and ¢ > ¢,. By continuity, it follows that the solution v to (23) also crosses when k
is large, which is a contradiction again. This proves the claim.

Step 4. Let g9 = min{1, (%)pfl}. Suppose that there exists a solution to (8) with
€ < 0. Then from Step 2, we have that u(0) > &. But then by Step 3, u(x) will cross
the z-axis, a contradiction to the assumption that « > 0 for all . This concludes the
proof of statement (i). To prove (ii), note that in the case € = 0, ¢ = ¢, the identity
(20) reduces to 0 = — [ rN=3(u?)’, which contradicts (21).

Step 5. We now discuss the existence results with ¢ = 0 and N > 3. If p €

N42

(1,p*) where p* = £ is the critical exponent, then the existence is an immediate

consequence of a more general result proved in [2], whose statement we reproduce
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here for the reader’s convenience. Namely, consider the more general problem

N -1
(27) 0= Upr + — U —u+uPh(r).

Then Corollary 4.8 of [2] implies that a solution to (27) exists provided that
p € (1,p*) and |h(r)] < C + r? for some constant C' > 0,0 < ¢ < ¢, for all » > 0.
We remark that the necessary condition g < g. follows immediately from (15) with
e = 0; the condition g, < ¢ is the result of combining Pohozhaev identities (16), (17)

with € =0,
/OO rN=lu2dr + <—1 + N M) /OO pN=ltayrtl —
0 2 p+1 0
sothat—1+%—%>0 — g« <gq.

Next we show uniqueness when ¢ € (¢y,q.) and e = 0. We follow the method
outlined in [17], which works for more general equations of the form (27). Make a
change of variables

u(r) = v(s)g(r),

where s = s(r) is to be specified shortly. We have

ds ,
Uy = Vg—0g + Vg,
dr
d2

ds\” ,ds S
Urr = VUss E g+2Ung+Usﬁg+vg

"

so that (27) becomes

ds\ 2 ds d? N-1d N -1
ves [ 5) gtus (2050 + S0 g+ Zg) v (g +—=g —g)+o"g?h =0.
dr dr ~ dr? r dr r

Next choose s so that

d2 / o
d%s _ _ds (9 N1
dr? dr \" g r

so that

ds _ -2 —(N-1)
ar 7" '

Also choose g so that

P <d5)2 -3, —2(N-1)
g'h = ) 9=9r ;

i 2(N=1)
g = h=3=ppr—58-»p .

We then get

(28) Vs + F(r)v + 0P =0,

where

(29) F(r) = (9" + ?9/ - 9) g g = h=i

For (28), Theorem 1 of [17] guarantees uniqueness, provided that F(r) satisfies the
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so-called A-property on (0, 00); that is, F'(r) has at most one maximum and no interior
minimum. It remains to verify this property.

Note that
I ki
e — 4 = 5
This suggests a change of variables,
2
0:=(qc —q) ——.
(gc —q) s
Then
(30) q € (44 qc) <= 6€(0,1)

and using h = 7, F'(r) becomes
F(r) = —c;r? 19 920 where ¢; := (N —1—6)(N —3+6)/4> 0.

Provided that (30) holds, note that F'(r) = —[2(5 — 1)ey + 2672]r =372 has a unique
positive root at r = /c1(1 —§)/d and F(r) is increasing for small positive 7. This
shows that F'(r) has the A-property. Therefore Theorem 1 of [17] proves the uniqueness
of solution to (8) with ¢ = 0 provided ¢ € (g, ¢c) - o

Finally, we show that the entire bifurcation branch is positive.

LEMMA 4. Consider the bifurcation curve in (a,s) for the solution u(r) to (4)
where s = u(0;a). Then u > 0 for all s> 0 along the bifurcation curve.

Proof. First, suppose that u(r) solves

(31) um,—|—N 1ur—u—l—|u|]g(1—|—arq):O, w'(0) =0, u—0asr— .
Moreover, suppose that «(0) > 0 and a > 0. We claim that u(r) > 0 for all » > 0.
We proceed by contradiction: suppose that u(r) < 0 for some r. Then u has a global
minimum at some point 7o with u(rg) < 0. But then u,,(r¢) > 0, u,(r9) = 0 so that
0 = wpr(ro) + 2w (ro) —u(ro) + [u(ro)|” (1+ard) > —u(ro) + u(ro)|” (1+ard) > 0.
This shows that w(r) > 0 for all » > 0. To show that u(r) > 0, suppose that u(rg) =0
for some 1o with u(r) > 0 elsewhere. Then u/(r9) = 0, so by uniqueness of solutions
to ODEs, u = 0 for all > 0, contradicting «(0) > 0. This proves the claim.

Now consider the bifurcation curve (a, s) except that u? is replaced by |ul” in (4).
Then u > 0 along the bifurcation curve. But then u also solves the original problem
(4) and u > 0. O

We remark that a sign-change solution may exist if the condition v — 0 as 7 — oo
is dropped in (31).

Theorem 2 provides conditions for when the bifurcation curve is bounded. To
obtain a more refined information, we examine what happens to the bifurcation curve
when u(0) is small. In this case, there may exist solutions to (4) which attain max-
imum far away from the origin. These are studied using formal asymptotics in Ap-
pendix A. In dimensions N > 2. this analysis also leads to the threshold ¢ = g..

3. Stability analysis. We now study the stability of the time-dependent prob-
lem (1). It is convenient to consider a more general problem,

co
= Au — Ph(x; , e RV,
(32) " U=t uh(z0) Jan wPth(z; a)dx *

Vu(0,t) =0, uw—0as |z| — oo,
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where h(x) = h(r;a) is a radially symmetric function depending on the parameter
a; the model (1) corresponds to h = 1 + ar?. The constant ¢y is chosen so that the
time-independent solution is the ground state satisfying

/

N -1
Uprr + uor — o +ugh(r;a) =0, wu, =0, up—+0asr— 00, ug > 0;
33 Ph 0 0(0)=0 0 0

that is,

1
co = ub™ hdz.
RN

Since the constant ¢y can be scaled out by scaling w, its inclusion does not change the
stability properties.

While some of the results (and derivations) below are valid for a more general
function h, we do not attempt to state the most general version of our results and
will simply use h = 1 + aq? whenever required. In particular the proof of Lemma 5
and therefore Theorem 6 which relies on it, makes explicit use of h =1 + ar?.

The condition Vu(0,¢) = 0 will be necessary to avoid translational instabilities.
Equivalently, we may simply restrict (32) to the positive quadrant Q = {(x1,x2,...,xn) :
2; > 0,i=1... N} and impose Neumann boundary conditions on 9€2. In this setting,
the spike solution at the center becomes a boundary spike at the corner of €.

When h = 1, the problem (32) and its generalizations are sometimes referred to
as the shadow system [28]. Tt naturally occurs in the high diffusivity ratio limit of
some reaction-diffusion systems, for example, the Gierer-Meinhardt model [27] and
the Gray-Scott model [20], [4]. The main feature of (32) with A = 1 is that the
integral term in the denominator stabilizes the large eigenvalues [28].

We begin our investigation by linearizing around the steady state. Set

u(z,t) = u(r) + eMZ(z),

where u(r) satisfies (33) (here and below we drop the subscript o for convenience) and
Z < 1. Define

(34) LZ :=AZ — Z +uP  hpZ.
Then we have
(35) { N = LZ —uh @ [ ZuPhda.

VZ(0)=0; Z—0as |z|]— occ.

In one dimension the condition Z’(0) = 0 ensures that Z is even (i.e., radially symmet-
ric) eigenfunction. In dimensions N > 2, the problem (35) has a radially symmetric
eigenfunction but may also have nonradially symmetric modes. We start by studying
radially symmetric perturbations.

3.1. Radially symmetric perturbations. In this section we examine the ra-
dial stability of (32). That is, we consider solutions (Z, A) to (35), where Z is restricted
to the space of radially symmetric functions. As before, let

(36) s = u(0;a),
where u(z;a) is the ground state solution to (33). We will also assume that
(37) h(z)=1+alz|?; pe,p)if N>3orp>1if N=1or2.

Then there is a unique value sg with a = 0 which corresponds to the unique ground
state solution to (33) with a = 0 [17]. Now consider the bifurcation curve (s, a(s))
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going through s = sg, a = 0. Suppose that such curve has a fold point. Our main
result here is to show condition (S3) in one dimension. In addition, we will show that
the even eigenfunction at the fold point of (35) corresponding to a zero eigenvalue
has a root; this will prove condition (S2). We start with the following lemma, which
explicitly uses the form (37).

LEMMA 5. Let h = 1+ ar? and s = u(0;a), where u(x;a) is the ground state
solution to (33). Suppose the bifurcation curve a = a(s) has the following properties:
(1) a(so) = 0 for some s¢; (2) a'(sc) = 0 for some s. and a’(s) # 0 for all s € (s¢, So).
Then the following conditions are equivalent for s € [s¢, So):

(i) The local eigenvalue problem

(38) LZ=XZ, Z'(r)=0, Z(r)—0asr— oo,

admits a zero eigenvalue A = 0 corresponding to a radially symmetric eigenfunction
Z.

(ii) % =0, where us = du/ds.

(iii) Lus = 0.

Proof. Note that ug satisfies

da
39 Lus = —uPh,—.
(39) Us = —uPha
It immediately follows that (ii) = (iii) = (i). The main difficulty is showing that
(i) = (ii). For this, we will make use of the following identity:

(40) Lu=uPh(p—1).

We proceed in three steps.

Step 1. Suppose that (38) admits a zero eigenvalue with a radial Z(r) and with
% # 0. We claim that Z(r) has at least two positive roots. Multiplying (40) by Z
we obtain [ ZuP(1 + ar?)r¥~ldr = 0. It follows that Z has at least one positive
root. Let r1 > 0 be the first root of Z. Multiplying (39) by Z, integrating by parts,
we obtain that fooo ZuPrirN=ldr = 0, where we used h, = r? and % # (0. Taking a
linear combination, we then obtain [;°(r{ — r?)ZuPr™ ~*dr = 0. Thus Z must have a
root other than r;.

Step 2. Consider the problem

(41) LY =0; Y(0)=1, Y'(0)=0.

We claim that for s € (s, so], Y has at most one positive root. First, note that the
eigenvalue problem (38) has exactly one positive eigenvalue when s = sg, a = 0;
the corresponding eigenfunction Z(r) is radial and does not change signs. By the
oscillation theorem, it follows that the solution Y of (41) has precisely one zero when
s = s9. Next, suppose there exists s € (s¢, so] such that (41) has two roots. Since it is
known that Y has only one root when s = sg, by continuity, there must exist s such
that Y has one positive root when s € [3, so| but two roots for s < 5. Now consider
a sequence s — § with s < § and let r1 ;, and rg ;, denote the two roots of Y (r; s)
with 71 < ro k. Let vy = limsup,_, . 71,% and let ro = limsup,_, . 72,%. Then either
r1 = 19 or 79 = 00. The former case implies that when s = 5, Y(r1) = Y'(r1) = 0;
but then Y (r) = 0, contradicting Y (0) = 1. Hence we have r = oo so that Y (r) =0
as 7 — oo. But this implies that when s = 5, Y is an eigenfunction satisfying (38)
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Fic. 3. (a) The dimple eigenfunction at the fold point, corresponding to the zero eigenvalue
of (1) with N = 1,p = 2,q = 2,a = 0.079. The shape of the eigenfunction is responsible for pulse
replication. (b) The dimple eigenfunction for the reduced Gray—Scott model (2), N =1, taken from
[14].

with A = 0, having a unique positive root. By Step 1, this implies % = 0, which

contradicts the assumption that s € (s, o).

Step 3. If s € (s, s0] and A = 0, Step 2 shows that Z has at most a root. But
this contradicts Step 1. |

We now state our main result for stability with respect to radially symmetric
perturbations.

THEOREM 6. Suppose that h is as given in (37) and let s = u(0; a), where u(x; a)
is the ground state solution to (33). Suppose the bifurcation curve a = a(s) has the
following properties:

(i) a(so) = 0 for some so;

(i) @' (sc) = 0 for some s. and a'(s) # 0 for all s € (s, So].

If s = s., then (35) admits a zero eigenvalue whose eigenfunction is given by
Z = % s=s.. Moreover, Z(r) has at least one root r > 0. Thus condition (S2) is
proven.

Let s € (s., so]. By Lemma 5, the corresponding nonlocal eigenvalue problem (35)
is stable with respect to radially symmetric perturbations.

An example of the eigenfunction %E:sc with N =1, p = 2,q = 2 is shown in
Figure 3. The pulse splitting as observed in Figure 1(a) is due to its “upside-down
Mexican hat” shape.

Note that Theorem 6 provides a partial generalization of [28], where the case
h =1 was proved.! Theorem 6 relies on the following lemma.

LEMMA 7. Consider the local radially symmetric eigenvalue problem

(42) L = \P;  ® is radially symmetric
and the corresponding nonlocal problem,

1
(43) N =LZ — uphM/ ZuPhdx; 7 is radially symmetric.
Co RN
'Tn [28], the stability of the problem
1

u=Au—u+uf ——
‘ Jan umdx

was considered; the case h =1 in (32) corresponds to m = p + 1.
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Suppose (42) admits a unique positive eigenvalue. Then the nonlocal problem (43) is
stable, i.e., it has no positive eigenvalues. Suppose (42) admits at least two positive
eigenvalues. Then the nonlocal eigenvalue problem (35) is unstable, i.e., it admits at
least one positive eigenvalue.

Proof. Note that the eigenvalue problem (43) is self-adjoint so that the eigenvalues
are all purely real. There are two cases to consider. First, suppose that Z is an
eigenfunction which satisfies (43) but does not satisfy (42); that is,

(44) / ZuPhdx # 0.
RN
Then we may scale Z so that (43) becomes
co
45 L —)\)Z = uPh; ZuPhdx = .
(45) (L=NZ=wh | zuhde— 2
Define

FOV = /RN (L — N~ [uPh] wPhdz.
Then (45) becomes
(46) ) =

We compute
Fo) = /R (L= N h] hda
AR [w?h]}’ da

so that f is always increasing. Also note that f(\) has a singularity at every positive
eigenvalue of the local problem (42). Suppose that (42) admits K positive eigenvalues,
K > 1. Then f(X) has K vertical asymptotes for positive A\. Now from (40) we note
that

Co

u
= p =
f(0) /RNp_luhdx =

so that f(0) > -%;. Moreover, f(A) — 0 as A — oo. Thus there are precisely K —1
positive solutions to (46).

We have shown that if K > 2, then (43) is unstable. It remains to show that (43)
is stable when K = 1. Then there are precisely K — 1 = 0 positive solutions (46);
hence there are no positive eigenvalues of (43) whose eigenfunction satisfies (44). It
remains to consider the case quph = 0; K = 1. But then Z satisfies LZ = \Z.
Thus A = A1, where \; is the unique positive eigenvalue of (42). Now multiplying
(40) by Z and integrating, we then obtain A\; [uZ = 0. Since we assumed \; # 0,
and u > 0, this means that Z must change sign. But this contradicts the fact that Z
is the eigenfunction of the principal eigenvalue of the local problem (42). d

Proof of Theorem 6. First, note that when a = 0, s = sg, we have h(z) = 1. In this
case, the problem LZ = 0 admits N independent solutions given by 7y, = éu/(r), k =
1... N, where éj is the kth unit vector and u(r) is the radially symmetric ground state
solution to (33) with h = 1. Thus the local eigenvalue problem LZ = AZ admits N
eigenfunctions corresponding to a zero eigenvalue. Moreover, it is well known that u(r)
is unique and is a decreasing function [17]. It follows that the nodal set {z : Z; = 0}
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e {x : xp = 0}, which divides RY into exactly two connected sets. By the oscillation
theorem there must be a positive eigenvalue whose eigenfunction has no root. Such
an eigenvalue is unique and the corresponding eigenfunction is radially symmetric; all
other radially symmetric eigenfunctions correspond to strictly negative eigenvalues.
This proves that (42) admits precisely one positive eigenvalue when s = sg. Next, note
that the eigenvalues are all real since (43) is self-adjoint. By Lemma 5, the eigenvalues
cannot be zero for s € (s, sg). By continuity it follows that (42) admits exactly one
positive eigenvalue for all s € (s, so]. By Lemma 7, it then follows that (43) is stable.

We now prove that us = du/0s is an eigenfunction of (43) corresponding to A =0
whenever s = s.. Certainly Lus, = 0 (see Lemma 5). We now show that

(47) / usuPhdr =0
RN

so that ug is indeed an eigenfunction of (43) corresponding to A = 0. This follows by
multiplying the identity (40) by us and then integrating by parts and using Lus = 0.
Equation (47) also shows that us has a strictly positive root since h,u > 0. O

3.2. Nonradial perturbations in three dimensions. Theorem 6 shows that
the top branch of the bifurcation curve is stable with respect to radially symmetric
perturbations. This implies full stability in one dimension. However, in higher dimen-
sions, nonradial instabilities can and do occur. This study considers such instabilities
in three dimensions. As before, the starting point is the eigenvalue problem (35). We
then use spherical coordinates

x=rsinfcos¢, y=rsinfsing, z=rcosbh,

2 1 1 1
AN =Zp+-Z,+ = | ——Z — (sin0Z .
* r + r2 (sin2 g0 * sin 6 (sin 9)9>

We decompose the eigenfunction as
Z(x,y,2) =0(r)Y"(0,0); 1=0,1,...; m=0,£1...+1,

where Y are the spherical harmonics (see, for example, Chapter 10 of [26]). Now
note that Y = 1 so that by the orthogonality property of spherical harmonics, we
have [Y™ = 0,1 > 1, and [hZuP~!' = 0. In particular the nonlocal term in (35)
disappears so that @ satisfies

2
MO =Dy + =0, — LD 4 phu? 1By =I(14+1), 1> 1.
T T

Note that the case [ = 0 corresponds to the radially symmetric eigenfunctions whose
stability was already characterized by Theorem 6. The case | = 1 corresponds to
translational modes; in such a case Y7 = z/r,y/r or z/r. In particular, if | = 1,
h = 1, then the solution is \; = 0, ® = w,. In general, \; is typically unstable.
It is for this reason that we have imposed the condition Vu(0,¢) = 0 in (32); the
translational modes | = 1 are inadmissible (they do not satisfy VZ(0) = 0). Thus we
need to only consider the stability of nonradial nodes [ > 2. To get some insight, let us
consider the case h = 1 + ar? with ¢ > g., where g, is given in (7b). In Appendix A
we have constructed a ring-like solution with s = w(0) — 0, either for ¢ = ¢. or ¢ > gq..
Such solutions have the form

u(r) ~ Cw(y) where y =1 —ro, 19> 1,
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where C' = (arg)l/ (7P) and w(y) is the one-dimensional ground state that satisfies
(50). Since w decays exponentially away from r¢, to leading order we have %(br Lo~
O(;-) so that

(48) Ap ~ (byy -9+ pwp71¢~

It is well known that (48) admits a positive eigenvalue (in fact, it is a special case of
(42) with N =1 and h = 1). This proves that A; > 0 for [ > 2 if «(0) is sufficiently
small. In particular, as the bifurcation curve is traversed in the direction of decreasing
s, the mode [ = 2 eventually becomes unstable. This is illustrated in Figure 2(b).

Due to ordering principle for the local eigenvalue problem LZ = A\Z, the eigen-
values are ordered Ao > A3 > Ay > ---. However, no such ordering exists between
the radial eigenvalue A, and Ao, since )\, satisfies the nonlocal problem (35). This
leads to the following question: As the bifurcation curve is traversed starting with
a=0,u(0) = O(1), can the nonradial mode Ay become unstable before the radial mode
Ar? Since A, becomes unstable at the fold point, the answer is yes provided that the
bifurcation curve has no fold point. In particular, if the solution to (4) is unique for
all @ > 0, then the fold point does not exist. We now show that this is the case when
p =2 and g = g. = 1. Using Theorem 1 of [17], the solution is unique if the function
F(r) given by (29) with h(r) = 1 + ar satisfies the A property (as described below
(29)). After some algebra we simplify to obtain

_ 2 4
F(r) = —r~%/5 (1 4 ar) 1/° <r4a2 +2r°a +1° + sar+ %> :

F'(r) = 1_—225r—6/5 (1 +ar)” "% (25r%a? + 50r%a — (754> — 50) 12 — 45ar — 12) .
Now clearly, F — —oc as 7 — 0%. To show the A property, it suffices to show that
F’" = 0 has a unique solution. But this follows from the Descartes rule of signs, since
the coefficients in the polynomial inside F'(r) change sign precisely once.

To summarize, in the case p = 2,q = q. = 1, the radial mode A, is stable for all
a > 0; however, the nonradial mode Ay becomes unstable for sufficiently large a.

When p = 2, ¢ > 1, the bifurcation curve has a fold point, where \,, = 0. In general
it is unknown whether Ao becomes unstable before A, or vice versa, as a is increased.
However, if p = 2 and ¢ is close to 1, then because of continuous dependence on
parameters, Ao is destabilized before A\, as a is increased. Numerically, we observe
that the opposite is true if ¢ is sufficiently large, as the following two tables illustrate:

p=2,qg=13 p=2,qg=3
a s Ar A2 a s Ar A2
0.0000 4.1895 —0.79 —1.03 0.0000 4.1895 —0.79 —1.037
0.1104 3.1895 —0.62 —1.02 0.0183 3.6395 —0.54 —0.99
0.2311 2.2895 —0.44 —0.67 0.0343 2.5895 —0.024 —-0.3
0.4410 1.1395 —0.18 —0.02 0.0344 | 2.5395 | 0.0015 | —0.27
0.4523 1.0895 —0.17 0.00 0.0343 2.4895 0.027 —0.23
0.6044 0.3895 —0.005 | 0.59 0.0326 2.1895 0.18 0.00
0.6046 | 0.3395 | 0.005 0.65 0.0314 2.0895 0.23 0.066
0.5981 0.2895 0.014 0.71 0.0229 1.6395 0.42 0.39
0.4370 0.0895 0.026 0.98 0.0128 1.1395 0.46 0.66
0.1647 0.001 0.0067 1.19 0.0003 0.001 0.033 1.19

For p = 2 and a given ¢, these two tables list the values of A, and A, as well as
a = a(s), computed numerically. Starting with a = 0 = s = 4.1895, we followed
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the bifurcation curve in the direction of decreasing s. When ¢ = 1.3, the fold point
occurs at a ~ 0.6046; numerics confirm that the radial node A, crosses zero at that
point (see also Theorem 6). However the nonradial mode Ay becomes unstable at
around a ~ 0.4523 on the top branch of the bifurcation curve. Hence in this case,
the mode As becomes unstable before A, as a is increased from a = 0. When ¢ = 3,
the opposite behavior is observed: the fold point occurs at a ~ 0.0344, whereas the
nonradial mode A5 is destabilized only on the bottom branch of the bifurcation curve.
In particular the top branch of the bifurcation curve is stable with respect to A2 (and
hence, stable with respect to all nonradial perturbations due to the ordering property).
This is also illustrated in Figure 2(b), where the bifurcation curve is plotted along
the threshold values of a when A, = 0 or when A\ = 0 for several different values of ¢
with p = 2.

4. Discussion. In this paper, we have shown that even a single PDE with het-
erogeneity has a self-replication structure similar to that of more complicated reaction-
diffusion systems, such as Gray—Scott. For our simpler model, we are able to prove
analytically Nishiura-Uyama conditions (S1*) and—under an additional hypothesis
that (S1) also holds—conditions (S2) and (S3). These conditions are believed to be re-
sponsible for the initiation of the fully nonlinear self-replication process. The process
itself and the ensuing dynamics are still very poorly understood. Nishiura—Uyama
conditions are based on the steady state and its linearization; as such, they provide
little information about the fully nonlinear self-replication dynamics.

In the Gray—Scott model, peanut splitting is the dominant self-replication mech-
anism in two dimensions as observed by [23], [19], [20]. On the other hand, it was
observed numerically in [15] that either the radial or the peanut-type instability can
be dominant in the Gierer—Meinhardt model in two dimensions, depending on param-
eter values. Our simplified model has a similar structure: either instability is possible,
depending on how the parameters p, ¢ are chosen.

We conclude with the following conjecture, which is a generalization of Corol-
lary 4.8 in [2].

CONJECTURE 8. Consider the system

(49) 0=Au—u+uPh(r); u>0, u—0 asr— oco.
Suppose p > 1 and h(r) satisfiy
|h(r)] < C(1+7r9), where q =0 and q € (¢x, qc),

where C' is some constant and gy, q. are given by (7). Then (49) has a radially sym-
metric solution.

In [2, Corollary 4.8], this result was shown under a more restrictive assumption
p € (1,p*), in which case ¢, < 0. Here, we do not assume that p < p*; this assumption
is replaced with the more general assumption g > ¢y.

Appendix A. Asymptotic analysis of (4) with small ©(0). We now examine
the behavior of the solution with small «(0). The goal is to use asymptotic methods
to construct radially symmetric solutions concentrating on a ring of a large radius.
Below we will determine the asymptotic magnitude of such a radius. The analysis is
different for N =1 or N > 2.

One dimension. We consider (4) with N = 1, in the limit a < 1:

Upr —u+uP(1+ax?) =0; a<1l; v (0)=0; u>0; u—0asx— oo
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We seek solutions of the form
u(z) ~w(y)+ R(x); y=x—z0; x>0, R<KI,
where w(y) is the (unique) one-dimensional ground state of the homogeneous problem,
(50) Wyy —w+wP =0; w'(0)=0, w>0, w—0as |yl — oo,
and R is the small remainder term. Then R satisfies
(51) Ryy — R+ pw” 'R + az®u? = 0.
Note also that
(52) (wy),, —wy + pwP w, = 0.

Multiplying (51) by w,, integrating from —zg to oo, and using (52), we get
(Rywy — Rwy,y) |25, + a/ (y + wo)wywPdy = 0.

—x0

Since w decays exponentially as |y| — oo, we can replace f:o by ffooo . Using inte-
gration by parts we estimate

> © _
/ @+%W%W@~—/ Erﬁﬁww+%flw
—Io —0o0

o0
~ 1 a:g_l/ wPt
p+1 —o0

Now for small x, we have that R,, — R ~ 0 and w ~ C’Oe_|””_””°|. The constant C is
obtained by expanding w in the far-field |y| — co. Thus we have

w ~ Cope™"0e”; R~ Cie” + Cye™7; z ~ 0.

Since R must remain small as = is increased, it follows that C} = 0. Moreover,
(Ry + wy),_o = 0, which implies Cy = Cpe~*°. We therefore obtain

(Rywy — Rwyy), ., = 20320,
This yields the following formula for xg:
(53) 20367270 ~ apj_ 13:8_1/ wPdy; o< 1,29 > 1.

In case p = 2, we have w(y) = 2 sech?(y/2) and Cy = 6, [w3dy = 36/5, so that

672‘T0

~ Qa

54 CEPUP o
( ) xg—l 30

p=2.

In case p = 3, we have w(y) = v/2sech(y) and Cy = 2v/2, [widy = 7/2, so that

e~ 2%o ™2
~ aq—; p=3.

55 —
(55) g;g_l 64
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Ring solutions in a higher-dimension generic case. We consider (4) with
N > 2 in the limit a < 1. It is convenient to set

£:=all

so that (4) becomes

N -1

(56) 0= Upp + ur —u+uP (1 + (er)?).

The expansion we use is
1
r=_rot+y; u=Uo(y) +eli(y) +--
Expanding to two orders we obtain

ar® = (ro +ey)?! = rf +eqry y+---,

(57) 0=Uoyy — Up+ (1 + 1)UL,
(N-1)

(58) 0=Uiyy — Ui + Uoy + (rd + 1)pU§71U1 + qurgfly.

Multiply (58) by Up, and integrate by parts; using (57) we obtain

q o [e%s}
ary p+1 g - 2
& iy o= [

The integrals can be further eliminated using Pohazhaev-type identities. Namely,
multiply (57) by Uy and integrate to get

(60) —/ Ugydy—/ U§dy+(1+rg)/ Ubttdy.

Multiply (57) by yUy, and integrate to obtain

L [= L [* o [ U
(61) -3 _OOUOydy+§ _OOUOdy—(l—I—TO) _Oop+1dy:0.

Combining (60) and (61) we obtain

oo oo 2
2 +1

Substituting (62) into (59) we finally obtain

N-D-1)
- (N-1)(p—1)

The solution to (63) exists provided that

(N-1(p-1)

(63) rh =

(64) q>dqc=
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This is consistent with thresholds derived in Theorem 2 for the case N > 3. In
particular, it is in agreement with the bifurcation diagram shown in Figure 2(b): for
q > q., the curve approaches a — 0 as s — 0.

Ring solutions in dimension N = 3, threshold case p = g+1. The analysis
is much more involved. For simplicity, we consider only the case p = 2. However, the
result generalizes without difficulty for any p > 1. We summarize the result as follows.

PROPOSITION 9. Suppose N = 3, p = 2, and q = 1. In the limit a > 1, let
ro > 1 be the large solution to the equation

1
a= %7"52 exp (2rg); a,ro > 1.

Then there exist solutions of (4) of the form

1
u(r) ~ ro—aw(r —70).
Proof of Proposition 9. We rescale
(1= —U)
w(r) = —U(r
Toa
and define
1
e=—
aro
so that
2 9 T
(65) 0=U,+-U,-U+U*{ec+—|.
r To

The main idea is to separately solve the equation on [0, 7], then on [rg,c0). Then e
will be determined by requiring that U (ry ) = U(rg ). So we treat (65) as two separate
equations to solve: the first on [0,7¢] with boundary conditions U’(0) = 0 = U’ (ro)
and the second on [rg, o) with boundary conditions U’(rg) = 0 = U’(0).

It will be shown below that e = O(rge~27). Therefore we will need to expand in
both € and % First, we treat rg as constant with respect to € and expand

U=Uy+eU +---.
We get
2 5 T
OZUOTT+_UOT_UO+UO_7
r To
2 r 9
0=Uipr +=-Usr — Uy +20,U1 — + Uj.
r To
Next we let
Yy=r-—ro
and expand

1 1
Uo(r) = Upo(y) + —Uon(y) + —2U02(y) + -
To o
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We have
(U0),,, = Uoo + Ugo = 0;  Ugo (0) =0,
so that
Uoo(y) = w(y).

At the next order we get
(66) LUp1 + 2w, + yw? = 0,
where

Lo = ¢yy — &+ 2we.
Note that L(yw) = yw? + 2w, so that the solution to (66) is given by

Uor = —yw + Cw,.

To determine the constant C' we impose the condition Uj;(0) = 0, which yields
C=-2,

U01 = —yw — 2wy.
Therefore Uy, is odd and at the next order we get

(67) LUp2 = f(y),

where f(y) is a purely even function. Again, we treat this as two equations, one to
the left and another to the right of rg. To the left of ro, multiply (67) by w, and
integrate y = —rp...0. We then get

—o- 0 o0
08 (U, —w U=, ~ [ fwdy == [ sy

To the right of ro we get

(69) (1, Uy = w0 V)55 ~ [ f(wpwy
Adding (68) and (69) together we get

(70) wyy (0) [Un2(07) = Uo2(07)] = (wyUnzy — wyyUo2)|

Therefore we need to determine the behavior near » = 0. Recalling that y = r — rg
we write

y=—ro "

(71) w~ Coe", r~0; Cp=06e ".
Since the solution decays near zero, we have u? < u so that for small
2 /
Uppr + —ur —u ~ 0, u'(0) =0.
r
Such a solution is given by

(72) u=A————
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where the constant A is to be determined. To do so, we rewrite Uyg + Tl—OUm as

1 1
Uoo + —Up1 = w + — (2w, — yw)
70 70

C
~ e (=2 — 1 4 2rp).
To

Evaluating at » = o, we obtain

~ @67‘0 (—2 + TO) .

1
(73) (Uoo + —U01)
To To

T=To
On the other hand, from (72) we estimate

(74) u(rg) ~ éero.
To

Matching (73) and (74) we obtain
(75) A=Cy(rg—2).

Therefore the uniform expansion of u is given by

-

1
(76) u~w+;(—2wy—yw)—00(r0—2) er .

We now match decaying mode of (72) to the remainder of Uy in the outer region:

This gives the following behavior of Uy, in the outer region:

2
(77) U02 ~ C() (2 — 7’0) %Oefr
(78) ~ Cy(2—1g)roe e Y.
Using this we evaluate

(79) (U}yUogy - wyyU02)| ~ —203 (T‘Q - 2) To-

Yy=—"To
Substituting (79), (71), and wy, (0) = —2 into (70) we obtain
(80) U02(0+) — Uog(o_) ~ —96e2"0 (T‘Q — 2) 70-

This yields
2
(81) Uo(0) —-Db(O‘)fv-—QGe‘Q“)<1-— ;_>.
0

Next we compute the jump in U;. We expand

(82) Us = Vao(w) + 2-Un(w) +-+
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The leading order is
LU+ w? =0.
Imposing U{,(0) = 0 and recalling that Lw = w?, we get
Uio(y) = —w.
The next order then becomes
LUy = 2wy, + 2yw2.

Multiplying by w, and integrating to the left of 9 we therefore get

0
- 6
(83) (w, Uty — wyyUn), ~ / (2w, + 2yw?) wydy = 5

Yy=—"o
— 00

and similarly to the right of rq,
o > 9 6
(84) (wyUr1y — wyy U)oy = (2wy + 2yw?) wydy = —%
0

Adding (83), (84) together and ignoring the exponentially small boundary terms we
obtain

16
U11(0+) —U11(07) ~ 5
so that
_ 16
(55) U 0rf) ~ Urrg) ~ 5
7o

Putting together (81) and (85) we have
u(rg) = u(rg) ~ (Uo(rg) — Uo(rg ) + € (Ur(rg) — Ur(ry )

2 1
~ —96e= 20 (1 - —) 416
o ro D

The solvability condition is that this quantity is zero, that is,
2
£ ~ 30rge 2o <1 - —) )
To
This completes the proof. a

Appendix B. Analysis of u” + %u’ + arduP + BuP = 0.
LEMMA 10. Let u satisfy

u’ +

u +g(r)u=0, u>0 on[R,00)

for some R > 0. Then for any 6 > 0, there exists r, — oo such that

g(re) < (M + 5) 2.
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Proof. Assume there is Ry > R such that g(r) > ((N 2° 4 §)r=2 for r > Ry.

The equation
N -1 N —2)?2
v”+———ﬂ/+<L—Z—L+ﬁ>rQU:0
r

has a solution v = r— "7 cos(\/glog 7). By the oscillation theory, u oscillates faster
than v and therefore has infinitely many roots on [Rj, o), which is a contradiction.
The proof is finished. O

LEMMA 11. Assume q¢ > q. > q* and p > 1, where q. and q* are given in (7a)
and (9). Let u satisfy

u”—I—N_

1
u—u+(B+arf)u? =0, u>0 on [R,00)

for some R >0, where a > 0, B >0, and o # 0. Then there exist 6 > 0 and rp — o0
N-—2 —2
such that u(r) <7 and 0> w/(n) = ~(¥2 oy T 0

Proof. First we show that liminf, , (8 + ar?)uP~! < 1. If it is false, then there
are € > 0 and R; > R such that (3 + ar?)uP~! > 1+ ¢ and u oscillates fast than the
solution of v” + £=1¢/ 4+ v = 0 on [Ry, 00). This is impossible since v has infinitely
many roots. Therefore liminf, (8 + ar?)uP~! < 1 and there are infinitely many
7x — oo such that (8 + aff)uP~!(fy) < 2. That is,

_N-2_g
u(iy) = O((B+aif) 7 1) < ey 2

for some 6 > 0 and ¢ > 0 since ¢ > q..
If there is Ry > 0 such that u(r) < cr—a 0 for r > Ry, then we can find
ri, — oo such that 0 > u/(ry) > —c(&532 + &), ot

In this case, we also

trivially have u(ry) < cr;Tié. We can remove ¢ by letting r; be big and taking a
different 4. oo

Now assume there are infinitely many by — oo such that w(by) = cb,:TﬂS

_ _N-2_5

and u(r) < cr— 529 for bog < r < bagy1. Since u/(bog) < —(¥ +0)by, 2 o=t

N-2
and u/(bo 1) > —(N52 + 6)byy 3 0, there is 74 € [bag, bars1] such that u/(ry,) =

N-—-2
—(82 + 5)7",277571 and u(ry) < CT;TJ. Again we can remove ¢ by taking a
different 6. The proof is finished. O
LEMMA 12. Assume q > ¢, and p* > p > 1, where ¢, is given in (7a). Let u
satisfy

N -1
u”+Tu’—|—(ﬁ+arq)up:O, u>0 on [R,o0)

for some R > 0, where o > O ﬁ >0 and o® + B2 # 0. Then there exist § > 0 and

_ 72
i — 00 such that u(ry) <1y R and 0 > u'(rp) > —(832 +6)r, o
Proof. By Lemma 10, there exist 7, — oo such that

92
(arq + ﬁ)upfl(rk) < (% + 5) T;Q
Therefore

N—2 _

u(ry) = O((Br} + arft?) "7 1) <erp 7,
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where ¢ > ¢, and p* > p > 1 are used. Now the remainder of the proof can follow the
argument in the proof of Lemma 11. O
Now consider the problem

N -1
(86) u’ + Tu/ + arfu? + puP = 0; w(0) =1, v'(0) =0,

where o > 0, 3> 0, and o + 32 # 0. The main result that we need is the following.
LEMMA 13. Suppose that p* > p > 1 and q¢ > q». Then the solution to (86)
crosses the horizontal axis.
Proof. Assume that u(r) > 0 for » > 0. As in (16) and (17), we multiply (86) by

rN=ly and rVu’ and integrate by parts to obtain
(87) —/ rN=Lu2dr + / rNL (B + ar?) uPtrdr = 0
0 0
and
N o N o
(88) (-1+= / N2, N T4 / arN—1+a,p+1 g
2 0 p+1 Jy

N oo
~ B / PN dr = 0,
p 0

where the boundary terms vanish by Lemma 12. Combining (87) and (88) to eliminate
the term u'2, we obtain

i o B

n /OO apN-1Ha,p+l {(N —2)p—(N+2)—2¢ dr — 0.
0 2(p+1)

This is impossible since p* > p > 1 and g > ¢.. We have completed the proof. d

Appendix C. The solution branch connecting to the positive solution
for a = 0. The goal of this appendix is to rigorously prove Lemma 1. In fact we will
consider a slightly more general problem. For convenience, we let h(r;a) = 1 + ar?
and we consider the problem

N -1
ur — u+ h(r;a)|ul® = 0,u > 0,u,(0) =0, lim u(r) = 0.

T T—>00

(89) Wpp +

When a = 0, by [17], the equation has a unique solution U(r). In this section, we
restrict ourselves to radially symmetric functions and are concerned with the local
existence of the solution branch of (89) for ¢ > 0 which connects to U(r). Let
so = U(0). The proof of Lemma 1 relies on Lemmas 14 and 15, which we now prove.

LEMMA 14. Let u be a solution of (89). Assume h(r;a)[u(r)]P=t < 1 — 1 for
r > R, where R >0 and 1 > 7> 0. Then

L\
u(r) < (m) e(B=7) forr > R,

where o = /T. Moreover, for any oy < 1, there is ¢ > 0 such that u(r) < ce”*" on
[0, 00).
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Proof. Let

1
1—7 \77
e <h(R;Z)) T e and w = u - w.

Then on [R, ), wy satisfies
Awy —wy + huP " wy < (w1)pr — Twp =0
and w satisfies
Aw — w + huP~tw > 0.

Note that w(R) < 0 and lim,_,o w(r) = 0. By the maximum principle, w < 0 on
[R, o).

Since u decays exponentially, huP~! — 0 as r — co. We can apply the argument
above to conclude that for any «; < 1, there is ¢ > 0 such that u(r) < ce”®" on
[0, 0). a

LEMMA 15. Let a > 0 and u be a solution of (89) with a = a. Assume @ has
exponential decay and the solution Z of the linearized equation

N-1
(90)  LaaZ = Zpr + ——Zp + (ph(r;@)a""" = 1)Z = 0,2(0) = 1,Z,(0) = 0,
satisfies lim,_,o0 | Z(1)| = 00. Then there exists 6 > 0 such that (89) has a positive
exponential decay solution u(r;a) for |a —a| < §. Moreover, u(r;a) is C* in the
variable a.
Proof. Let u(r;a) = a(r;a) +v(r;a). Then u(r;a) satisfies (89) iff v is a solution
of

(91) Lyav=g(r,v(r),a)
=: —h(r;a)[(u +v)’ — @ — puP~ 0] + [h(r;a@) — h(r;a)](a + v)?,
vr(0) = 0.

Let Z be the solution of (90) and let Z; satisty Ly ;21 = 0 such that the Wronskian
W(Z1,Z) of Zy and Z satisfies W(Z1,Z) = r=N*+1. Then as r — 0, we have | Z;(r)| =
O(r=N+2) for N > 3; | Z1(r)| = O(—=logr) for N = 2; |Z1(r)| = O(1) for N = 1. Since
@ decays exponentially, Ly z ~ A — 1 for large 7. By ODE theory, Z(r) = O(e(+e1)7)
and Z;(r) = O(e~(1=1)7) for any small ¢; > 0. Also, ODE theory implies @(r) =
O(e~(1=<0)"). The method of variation of parameters yields the formula for v in terms
of g,

(92)

_ " Z(n)g(n,v(n),a) " Z1(n)g(n,v(n), a)
U(T)——Zl(T)/O de+Z(T)/O W(Z0. 2)(0) dn+ BZ +~Z;.

To seek an exponential decay solution, we have to eliminate the term Z as r — ooc.
Therefore we take

(93) B=— / T 2y () g0, V(n). a) diy.

To let v(0) remain bounded and v,(0) = 0, we take v = 0. That is, v should satisfy

O o) = Ho.a) = -20) | N 2 - 26) [0 2 dn
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To prove that (94) has a solution, let 0 < o < 1 and consider the weighted norm

(95) [v]a = sup [v(r)e®"|
r>0

and the space
(96) LY = {v is continuous on [0, 00) : |[v|o < 00}.

Let « =1 —¢€; and €; > 0 be small enough such that pa > 1+ 2€;. To solve (94), we
show that H(v,a) is a contraction mapping on a ball in L. Let vy,vs € L with
|U1|a, |V2]a < 6, where 6 is to be chosen later. Using the facts Z(r) = O(e(l+en)r),
Z1(r) = O(e= (=07 4i(r) = O(e=(*=1)7) as r — oo, and |vy (7)], [va(r)] < de™°", we
have the following estimates:
(97) |g(7‘, U1 (7‘), a’) - g(r, U2 (T)v CL)|

< ch(rya)(a(r) + lva(r)| + o2 (r) )P (Jor ()] + [oa(r)]) o1 (r) = va(r)]

+erfla—al(a(r) + [or(r)] + ()P~ or (r) — va(r)|

< eh(r;a)e Por ™t 1y — 4|y + Er%e P 0 — @l vy — v2)a
with some constants ¢ and ¢, which can be verified by considering the case u(r) >
2(Jo1(r)| 4 |v2(r)]) and the case a(r) < 2(Jvy(r)| + |v2(r)|) separately.

Denote the first term and second term in H (v, a) by Fi(v,a) and Fy(v, a), respec-
tively. From the above estimate and the fact that pa > 1 + 2¢;, we have

(98) |F1(v1,a) — Fi(v2, a)l

< ar] Zy (n)|om T oy — vzla/ NN+ ) Z(n)]e P dy
0

4 esla—al|Zu(r)lfor — vala / N1 Z () P diy
0

< Cgefar((smin{pfl,l} + |a _ EL|)|U1 _ ’U2|a’f’N71(1 + T,q)e(fpaJrlJrq)r

< C4’I"N_1(1 + Tq)e—(a+el)r(5min{p—l,1} + |a _ fl|)|’U1 _ 'U2|a

and
(99) |Fy(v1,a) — Fa(v2,a)|
< es|Z ()]s oy —vaa / TN ) Zu () e
+eda—allZ0)llon —nla [ N2 )l g
S 076(1+51)T(5min{p_1’1} +|a —al)|vy — vala(1+ rN_1+q)e_(P+1)ar
< es(1+ NI (ete)r(@mint-L1} 4o — ) joy — vgla.
Therefore

(100)  [H(v1,a) — H(v2, a)|a < [Fi(v1,a) = F1(v2,0)|o + [F2(v1,a) = Fa(v2,0) o

< (8™l — af)or — vola

1
< §|U1 — 2]a
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if § is small, |a — a| < §, and |v1]q, [v2]a < d. For v = 0, we have
(101) H(0,0)| < |a— al|Za(r)] / N1 Z ) di

0

Hla=allz()| [ ozl
< cyola — al(1 + PN e (ate)r,

This implies

1
(102) |H(0,a)|a < ciila—al < 15
if we further assume |a — @] < 6 = ———. For |v]|, < §, we have
4ep + 1
(103) [H(v,a)|o < |H(v,a) = H(0,a)|a +[H(0,a)|a

1 1 3
—lv — —0 < —=9.
< 2|U 0|a+457 4(5

The above estimates show that H(v,a) is a contraction mapping defined on the ball
{v e LY :|v|o <d}. The fixed point theorem then implies (94) has a solution v(r; a)
and (89) has an exponential decay solution u(r : a) = a(r;a) + v(r;a) for |a —al < o
and a > 0.

The positivity of u(r;a) is shown in Lemma 4. The C' property of u(r;a) in
a follows from a standard argument in the implicit function theory for a Banach
space. O

Proof of Lemma 1. For a given (a, s), let v(r;a, s) denote the solution to

N —

1
(104) Uy + v —v+|"h(r)=0, 2 (0)=0, v(0)=s, r>0.

Let U(r) be the unique solution of (89) for a = 0 and let so = U(0). It is known that
for a = 0, the solution Z(r) of the corresponding linearized equation with Z(0) =1
and Z,(0) = 0 satisfies the property lim,_,. Z(r) = —oo. Therefore by applying
Lemma 15 to the case © = U and a = 0, Lemma 1 is proved. d

Acknowledgments. We would like to thank Juncheng Wei for fruitful discus-
sions. We thank the anonymous referees for their many valuable comments, which
have helped to improve the paper. TK would also like to thank the Department of
Mathematics, National Taiwan University and the National Center for Theoretical
Sciences, Taipei Office, where a part of this paper was written for their kind hospi-
tality.

REFERENCES

[1] M. G. CRANDALL AND P. H. RABINOWITZ, Bifurcation from simple eigenvalues, J. Funct. Anal.,
8 (1971), pp. 321-340.

[2] W.-Y. DiNG AND W.-M. N1, On the ezistence of positive entire solutions of a semilinear elliptic
equation, Arch. Ration. Mech. Anal., 91 (1986), pp. 283-308.

[3] A. DoOELMAN, R. A. GARDNER, AND T. J. KAPER, Stability analysis of singular patterns in the
1D Gray-Scott model: A matched asymptotics approach, Phys. D, 122 (1998), pp. 1-36.

[4] A. DorELMAN, T. J. KAPER, AND P. ZEGELING, Pattern formation in the one-dimensional
Gray-Scott model, Nonlinearity, 10 (1997), pp. 523-563.



-

—

SPOT REPLICATION 3593

. DoELMAN, T. J. KAPER, AND L. A. PELETIER, Homoclinic bifurcations at the onset of pulse

replication, J. Differential Equations, 231 (2006), pp. 359-423.

. E1, Y. NisHIurA, AND K. UEDA, 2" splitting or edge splitting?: A manner of splitting in

dissipative systems, Japan. J. Indust. Appl. Math., 18 (2001), pp. 181-205.

. HAvasE AND T. OHTA, Sterpinski gasket in a reaction-diffusion system, Phys. Rev. Lett.,

81 (1998), pp. 1726-1729.

. HAYASE, Sierpinski gaskets in excitable media, Phys. Rev. E, 62 (2000), pp. 5998-6003.
. Havase AND T. OHTA, Self-replication of a pulse in excitable reaction-diffusion systems,

Phys. Rev. E., 66 (2002), 036218.

. DOELMAN AND H. VAN DER PLOEG, Homoclinic stripe patterns, SIAM J. Appl. Dyn. Syst.,

1 (2002), pp. 65-104.
J. LEE AND H. L. SWINNEY, Lamellar structures and self-replicating spots in a reaction-
diffusion system, Phys. Rev. E., 51 (1995), pp. 1899-1915.

. KOLOKOLNIKOV AND M. TLIDI, Spot deformation and replication in the two-dimensional

Belousov-Zhabotinski reaction in water-in-oil microemulsion, Phys. Rev. Lett., 98 (2007),
188303.

. KOLOKOLNIKOV, M. J. WARD, AND J. WEI, Self-replication of mesa patterns in reaction-

diffusion models, Phys. D, 236 (2007), pp. 104-122.

. KOLOKOLNIKOV, M. J. WARD, AND J. WEI, The ezistence and stability of spike equilibria in

the one-dimensional Gray-Scott model: The pulse-splitting regime, Phys. D, 202 (2005),
pp. 258-293.

. KoLokoLNIKOV, M. J. WARD, AND J. WEI, The stability of a stripe for the Gierer-Meinhardt

model and the effect of saturation, STAM J. Appl. Dyn. Syst., 5 (2006), pp. 313-363.

. MEINHARDT, The Algorithmic Beauty of Sea Shells, Springer-Verlag, Berlin, 1995.
. K. Kwona AND Y. L1, Uniqueness of radial solutions of semilinear elliptic equations, Trans.

Amer. Math. Soc., 333 (Sep. 1992), pp. 339-363.

. P. MUNUZURI, V. PEREZ-VILLAR, AND M. MARKUS, Splitting of autowaves in an active

medium, Phys. Rev. Lett., 79 (1997), pp. 1941-1945.

. MURATOV AND V. V. OSIpov, Static spike autosolitons in the Gray-Scott model, J. Phys.

A, 33 (2000), pp. 8893-8916.

. MUuraTOV AND V. V. OsIrov, Stability of the static spike autosolitons in the Gray-Scott

model, SIAM J. Appl. Math., 62 (2002), pp. 1463-1487.

. N1sHIURA AND D. UEYAMA, A skeleton structure of self-replicating dynamics, Phys. D, 130

(1999), pp. 73-104.

. NisHIURA AND D. UEYAMA, Spatio-temporal chaos for the Gray—Scott model, Phys. D, 150

(2001), pp. 137-162.

J. E. PEARSON, Complex patterns in a simple system, Science, 216 (1993), pp. 189-192.
W. N. REYNOLDS, S. PONCE-DAWSON, AND J. E. PEARSON, Dynamics of self-replicating pat-

terns in reaction-diffusion systems, Phys. Rev. Lett., 72 (1994), pp. 2797-2800.

W. N. REYNOLDS, S. PONCE-DAWSON, AND J. E. PEARSON, Dynamics of self-replicating spots

in reaction-diffusion systems, Phys. Rev. E, 56 (1997), pp. 185-198.

W. A. STRAUSS, Partial Differential Equations, An Introduction, John Wiley, New York, 1992.
[27] J. WEL, Ezistence and stability of spikes for the Gierer—Meinhardt system, in Handbook of

Differential Equations: Stationary Partial Differential Equations, vol. 5, M. Chipot, ed.,
Elsevier, Amsterdam, pp. 489-581.

(28] J. WEIL, On single interior spike solutions of Gierer-Meinhardt system: Uniqueness and spec-

trum estimates, European J. Appl. Math., 10 (1999), pp. 353-378.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


